
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



ON THE CONSISTENCY AND EQUIVALENCE OF CERTAIN GENERAL- 
IZED DEFINITIONS OF THE LIMIT OF A FUNCTION OF A 
CONTINUOUS VAIOABLE. 

Bt L. L. Silverman. 

§ 1. Introduction.* In a recent paper Hnrwitz and Silvermant have 
studied certain definitions of sununability of sequences, and have ob- 
tained criteria for the consistency and for the equivalence of these defini- 
tions. Two definitions are consistent if whenever each of the definitions 
gives a value to a sequence, the two values are the same; two consistent 
definitions are equivalent when each evaluates every sequence evaluated 
by the other. In the present paperj corresponding criteria are obtained 
for the case of certain generalized definitions of a limit of a function of a 
continuous variable. 

In a previous article§ the author has studied the transformation || 

(1) v{x) = au(x) + I k{x, y)u{y)dy, 

Jo 
where u{x) is bounded and integrable, < a; < a;i, k(x, y) is integrable 

in y for each x,0<h^y^x, and / \k{x, y) \dy converges If for each x. 

The function k{x, y) is the kernel and the number a the coefficient of the 
transformation. We shall denote by the sjonbol [a,. k{x, y)] the trans- 
formation whose coefficient is a and whose kernel is kix, y). The trans- 
formation is regular if the existence of 

lim u{x) 

implies the existence of 

lim v(x) 

and the equality of the limits. Examples of regular transformations are 

the identity 

(E) a = 1, k(x, y) =0 

* Presented to the American Mathematical Society, December, 1915. 
t Transactions of the American Mathematical Society, vol. 18 (1917), p. 1. 
X The author is greatly indebted to Professor W. A. Hurwitz for many valuable suggestions 
in connection with this paper. 

§ Transactions of the American Mathematical Society, vol. 17 (1916), p. 284. 
II The lower limit of integration might be any number, but is taken zero for convenience. 
^ The convergence of the integral is assumed in order to give a meaning to formula 1. 
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and the transformation 

(M) a = 0, Hx,y) =-, < x. 

JO 

The transformations E and M correspond in the case of sequences to con- 
vergence and to summabtlity of the first order, respectively. To obtain the 
analog of Ces^o-summability of higher orders, we define with Landau* 

n' 
Vo{x) = u(x), v„(x) = —S„(x), X > 0, 

where 

So(x) = u{x), Snix) = f Sn-H{y)dy; n = 1, 2, 3, • • •. 

Given u{x), we can by this definition find Vn{x). To obtain the functional 
relation between Vn{x) and u{x) in the form (1), we shall prove the formula 

(2) v.{x) = '^n£ ^ljrJ^i)i Sr^^(.y)dy, A = 1, 2, 3, • • •, n. 

Let n be any fixed integer, and assume that formula (2) holds for some 
fixed h; then expressing Sn-h in terms of Sn-h-i, we have 

^^ _^^) ; Sn-h-i(z)dydz 






which is formula (2) when h is replaced by h + 1. Since the formula 
obviously holds for A = 1, it is true in general. Letting ^ = n in (2), 
we obtain 



, , n\ f (x - y)"-^ , , , 



/o (n-1)! 
which is of the form (1). We have thus found 

(C„) a = 0, c„(x, y) = '^^^^^\ 0<x, O^y^x, 

the coefficient and the kernel of the transformation C„, corresponding to 
the case of CesSxo summability of order n. 

* Sachsische Berichte, vol. 65 (1913), p. 131. 
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The analog to HSlder summability is defined* by the formulae 

Vo(x) = u(x), v„(x) = - I Vn-i(y)dy, n = 1, 2, S, ■••. 

Since u(x) is bounded, S a; S iCi, it follows that Vn(x) is bounded 
and continuous, ^ x ^ Xi, n = 1, 2, • • •. To obtain the functional 
relation between Vn(x) and u{x) in the form (1), we shall prove the formula 

(3) Vn(x) = (fe_ i)!a; X ^°^*~ vi) ^"-''^y^^y' h = 1,2,3, •• -,71. 

We shall first show that the integral in (3) converges. If M is an upper 
bound of u{x), we have 



(* 



^.I'^^'d) i"-'«i* ^'sr^r'^^'d)* 



= lim 



■y 



M^Z 



e^'^'if) 



X^To Pl 



J»=s 



= If [1 -0]=M, 



so that the integral in (3) converges. Now let n be any fixed number, 
and assume that formula (3) holds for some h; then expressing v„-h in 
terms of v„-k-i, we have 

^»^^> = ^^w^iTrx££l^'^'~i'yy-'-^^'^^'^y 

= ^w^x££l^''^''-il)''-''-^^'^^y^' 



Since 



hm 

6=9 



^W^x£ Py^^^-' (i) '^y'^ = ^m^^^' (I) = 0' 



'=l^{h-l)lx, 
it follows that 



= A]xr^^^(^)'"-*-^^'^'^'' 



* Landau, loc. cit. 
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which is formula (3) when h is replaced hy h + 1. Since the formula 
holds ioT h = 1, it is true in general. Letting A = n in (3), we obtain 

"»(^) = in -1)1x 1 ^''^"~' (y) ''^^^^^' ^<y-'^' 

which is of the form (1). We have thus found 

{Hn) a = 0, hn{x, y) = (^ _ i)!x ^"^"~ \y)' < y - «. 

the coefficient and the kernel of the transformation Hn, corresponding to 
the case of Holder summability of order n. 

Let k{x, y) be integrable in y for each x, < y ^ x; then a sufficient 
condition that [a, k(x, y)] correspond to a regular transformation* is 

N 

(«) \k(x,y)\ =^;^py 

(&) lim I li{x, y)dy = 1 — a, 

where ^ p < 1 and iV S 0. 

It is easily verified that the transformations C„ and Hn satisfy these 
conditions for regularity. We shall be concerned in this paper with only 
those kernels which satisfy conditions (o) and (&). 

When the integral equation (1) possesses a solution in the form 

(2) u{x) = &v{x) + I l{x, y)v{y)dy, 

Jo 

we shall call l{x, y) the inverse kernel,\ and the transformation (2) the 
inverse transformation; symbolically, if v(x) = A[u{x)], then 

u(x) = A~^[v(x)]. 

If v(x) = A[u(x)] and w(x) = B[v(x)], then w{x) = B[A{u(x)], the trans- 
formation being BA. If A and B correspond to [a, k(x, y)] and [/3, l(x, y)] 
respectively, aA + bB will correspond to [aa + &/3, ak{x, y) + hlix, y)]. 
If Ai, Ai, • • • correspond to [ai, ki(x, y)], [aa, k2{x, y)], • • •, respectively, 
aiAi + ttiAi + • ' • will correspond to [a, k{x, y)], whenever 

lim [aiai + a2a2 + • • • + o„a!„] = a, 

nssco 

hm [aikiix, y) + ajc^ix, y) + - ■ • + a„kn(x, y)] = k(x, y), 

n~<o 

the last limit existing uniformlyl in y for each x. 

* Bulletin of the American Mathematical Society, vol. 22, p. 461. For other forms of neces- 
sary and sufficient conditions see article in Transactions, vol. 17. 

t In the theory of integral equations the kernel in (1) is usually defined to be — (l/a) k(x, y), 
and the inverse kernel, usually called the resolvent fvmction, is then al(x, y). 

t The uniform approach of this Umit is assumed in order to ensure the integrabiUty of k{x, y). 
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§ 2. A special class of transformations. It will be seen that if A and B 
are regular, then for any constant a, AB and aA + (1 — a)B are regular. 
Landau* has studied the regular transformation 

aE + {I - a)M. 

It is natural to consider the more general regular transformation 

a^E + ttiM + a^M^ + • • • + OnAf", Co + ai + 02 + • • • + o„ = 1, 

or, more generally, the symbol 

aoE + aiM + a^M^ + • • • + anM"" + • • •, 

and to ask under what conditions the symbol defines a regular trans- 
formation. 

Theoeem 1. // f{z) = ao + Oi2 + 02s'' + • • • is analytic within and 
on the boundary of the unit circle, and if /(I) = 1, then the symbol 
OqE + ttiM + a^M^ + • • • defines a regular transformation. 

To prove this theorem we shaU show that the sufficient conditions 
for regularity (a) and (6) are satisfied. Starting with the inequality! 

^jlog»(0 S^i', t^l, 0<p<l, n = l, 2, 3, ••., 



letting t = x/y, and dividing by x, we have 

fe»+i(^,2/)=;^log"(?)^^-xi^, 
so that 



<y mx, < p <1; 



x'-i-y-m p" ' 



\k{x, y) I S 2 |a„|A„(x, y) ^ "i^^X. 

••' y »=i 

where the series 

t[ P» 
surely converges for values of p sufficiently near unity, since ^ a„3" is 

n=0 

analytic on the circumference of the unit circle. Letting the value of 
the series S |a„|/p", for a fixed admissible p, equal to m, we have 



IK^,i/)l^:s=?„. 



mp 
x^-i'y' 

which shows that condition (o) is satisfied. 

* SSrChsische Berichte, loc. cit. 

tThis inequality is easily proved by mathematical induction. Assuming it to hold for 
n = k, dividing by t, and integrating from 1 to t, we see that it holds forn = fc + 1. To show 
that it holds for n = 1, we observe that for i = 1, we get ^ 1/p, and for t > 1, the derivative of 
the left is less than the derivative of the right side of the inequality. 
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To prove that condition (6) is satisfied, we observe that, since 
1 1 

1 1 



A»+i(a^, 2/) = 7^ -:;:i=^,, < S sy Sx, < p < 1, 



- p" x^-i'd" 
the series 

00 

S anhn{x, y) = k(x, y) 

n=l 

converges uniformly for each x, S ^ y ^ x. Hence we may integrate 
term by term, and 

k{x, y)dy = Hai f hi{x, y)dy, 
and the series of integrals converges uniformly in 5. We accordingly have* 

r oo nx 

k{x, y)dy = S o,- lim | hi(x, y)dy 

00 

= 2 «! = /(I) — fflo = 1 — OO- 

1=1 

CoROLLART 1. The kernel of the transformation M" is given by the 
formula 

(4) h„ix, y) = 2~iifj"~' {^y*'^^' < x, 0<y^x, 

where C is any circle including the origin. 
For 

2sX'-(ir'«=2SiX'-.?.?i^'°^'(f)* 

since the first series cnoverges uniformly in t, its general term being less 
in absolute value than N^ log" (x/y)/p !, where N is the maximum of 
I l(t I on C. Smce 

Ctn-2-p^i = 0, p +« - 1> 

= 2irt, p = n — 1, 

* By a well-known theorem (see Osgood, Funktionentheorie, vol. 1, 2d ed., p. 593), the order 
of two limits, to be perfonned in succession, may be interchanged, provided each limit exists and 
one of them exists vmiformly. 
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it follows that 

CoEOLLAKT 2. The transformation [a, k(x, y)] is given in terms of 
f{z), a function analytic in a circle C including the origin, by the formulae, 

(5) a=/(0), Hx,y)=^J^jf{lYdt, 0<x, 0<ysx, 

where Ciis a circle including the origin entirely inside C. 

Obviously a = ao = /(O) ; it remains to derive the expression for 

BO 

k(x, y). If /(«) = 2^a„«", then by the preceding corollary* 
Hx, y) = ^ajir^ix, y) = ^-^g J^an^-^l^- j dt 

^ifxii^f^^^-'^^ilT^'^ 

Definition. The traasformation A corresponds to f{z), a function 
analytic in some circle C including the origin, if the coefficient a and the 
kernel k{x, y) of the transformation are given by (5). 

CoBOLLARy 3. The kernel of the transformation corresponding to 

. , nlz'^ 

^^''' " (1 + z){l + 22) . • . (1 + ^irn z) 
is 

C»(a:,2/) =^(l -|)" \ 0<x, OSySx. 

For let k{x, y) be the kernel corresponding to g{z) ; then by the pre- 
ceding corollary 

^ ' ^' 2iaxJc (1 + 0(1 + 2t) "■ {l+n-lt)\y) 
provided Ci is a circle about the origin of radius less than l/(» — 1). 

* Term by term integration is justified by the imiform convergence of the series whose general 
term o,<»(x/t/)'/' is less in absolute value than | a. 1 6"(*/y)', where 6, the maximum of 1 1 1 on Ci, 
lies inside C, and c ^ £(1/0 on Ci. 
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Since* 



(1 + 0(1 +2t) ■•■ (l+n-lt) 



= Z(-i)-^ 



Hence 



U^ '^ U-i)Kn-j-i)lUt + i)' 

hence 

Letting t = 1/s and C" the inverse of Ci, we have 

xh^ ^^ j\in-j -l)\l^ \x) j 
x^^ "-^ JKn-j -l)l\x) 

Theorem 2. If A and B correspond to f(z) and g(z) respectively, then 
BA corresponds to g{z)f{z). 

Let C correspond to g(z)f(z); then we are to prove that C = BA. 
If k{x, y), l(x, y), m(x, y) are the kernels of A, B, C respectively, then the 
transformations A and BA are given as follows: 

v(x) = f(0)u{x) + f k(x, y)u{y)dy, 

Jo 

w(x) = g{0)v{x) + I l(x, y)v(y)dy 
Jo 

= g(0)mu(x) + r[g{0)kix, y) + fm(x, y)]u{y)dy 
Jo 

+ I I Kx, y)Ky, s)u(s)dsdy. 
Jo Jo 

* This formula is easily obtained by resolving into partial fractions. 
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Interchanging the order of integration* in the double integral, and letting 

(6) qix, s) = J l(x, y)k(y, s)dy, 
we obtain 

w'W = giO)f(OMx) + r[g{0)k(x, y) +/(0)Z(x, y) + q(x, y)]u{y)dy. 

Jo 

Since the coefficient of the transformation BA is seen to be p(0)/(0), 
which is the same as that of the transformation C, it remains only to 
prove the kernels of C and BA are identical, i.e., 

(7) m(x, y) = gimix, y) + fm(x, y) + q{x, y). 
From (5) and (6) we obtain 

— Air^xq{x, y) = — 4:ir^x I l(x, s)lc(s, y)ds 

where C\ and C^ are circles inchiding the origin. Taking Ci inside C2, 
we have 

LLtMu-u)\l) ^^^'^iruKl) iLtA-k)^'r' 

.-2^gmfJ^{lYdt. 

JJc.tMti-k)\y) ~~Jc. h \y) lkk{k-h)''^'r' 

* The change in the order of integration is easily justified if we bear in mind that the l^emels 
h(x, y), l{x, y) are subject to the conditions of p. 131. 



and 
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Hence 



-4^(x,.)--2„-X««+i(0)£(fi(|) 



dt 



+-//-^Hir-- 



or 



4tir'^xq(x, y) = 4v^x[g(o)k{x, y) + f{0)l{x, y)] - Air^xmix, y) 



which reduces to (7). 

CoEOLLAET. If A and B correspond to f(z) and g(z) respectively, each 
of the functions being analytic in some circle including the origin, then 
AB = BA. 

§ 3. A more general class of transformations. We have seen m the pre- 
cedmg section that if the function f{z) is analytic in the unit circle, then 
the corresponding transformation is regular. We shall now consider more 
generally the function /(«) analytic in a circle C, of radius ^ about the point 
\, and define the corresponding transformation f{M) by (5), where the 
circle Ci is now to be taken of radius ^ + « (« > 0) about the point §. 

Theoebm 3. If f{z) is analytic inside and on the boundary of the circle 
of radius § about the point |, and iff(l) = 1, then the transformation corre- 
sponding to f(z) is regular. 

We shall show that the sufficient conditions for the regularity of a 
transformation, referred to in the first section, are satisfied. By (5) 
we have 

f;Hx,y)dy=^j;if{D"'dtdy 

Now 1/(0/^^(1 - 1/0 I = \f(t)/t{t - 1) I is continuous along Ci and ac- 
cordingly has a maximum N. Hence 

ix^,(ir"'H=-/j(i)'"">'i 



dt. 
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for, since t lies on the circumference of Ci, 



= «0-r)-+i- 



1 + e 
We have also 

Hence 

k(x, y)dy = lim | k(x, y)dy 

= /(l)-/(0) = 1-/(0) = l-«, 

since by definition a = f(0). Thus condition (6) is satisfied. 

Secondly, letting Ni represent the maximum oi f{t)/f on Ci, we have 



Since 
we obtain 






Hence, letting 



Nl(^ + 6) 
g.t/1-Hyl/l+t ' 



A^(l + .) = i\r, p^^ = p, 

|A;(a;, 2/)| ^^i^, < p < 1, 

which is condition (c). The transformation has accordingly been shown 
to be regular. 

We shall now consider the function /(«) analytic in C except for poles, 
and study the corresponding symbol /(ilf). 

Lemma 1. The function f{z) = (1 — p)/{z — p), where p is a point 
inside or on the boundary of the circle C, does not define a regular trans- 
formation. 

The proposition is obviously true for the cases p = and p .= 1. In 
every other case the function f{z) defines a transformation f{M), which 
we shall show is not regular. To show this, define 

v{x) = XP, p = - - 1, 
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and find u{x) by applying to v{x) the transformation corresponding to 

1 _ z — p 

Thus 

\ '^ ' p + 1/1 - p 
Hence 

lim u{x) = Q. 

On the other hand, from the restrictions on p, 

R{V) S 0; 
accordingly, since 

lim \x^\ = 00, B{p) > 

la;*- 1 =1, R{v) =0, 

it follows that 

lim v{x) 

is not zero. Hence the function (1 — p)l{z — p) does not define a regular 
transformation. 

Theorem 4. If f(s) has at least one pole in C, but is analytic except 
for poles within and on the boundary of C, and if /(I) = 1, then f{z) does 
not define a regular transformation. 

The proof of this theorem, based on function-theoretical considera- 
tions, is identical with the one given for the case of sequences in the paper 
referred to above,* and is accordingly omitted here. 

§ 4. Consistency and Equivalence of Regular Transformation. We shall 
now use the term analytically regular to describe a transformation f(M) 
corresponding to a function f{z), analytic throughout C, and such that 
/(I) = 1. A number of properties of such transformations follows imme- 
diately from the results of the preceding sections. 

Theorem 5. All analytically regular transformations are consistent. 

Let A and B, two analytically regular transformations, evaluate 
limx=» u{x) to Ml and M2 respectively; then BA and ^5 evaluate this limit 
to Ml and Ui respectively. By the corollary to Theorem 2, AB = BA; 
hence Ui = U2. 

* Transactions (1917), p. 13. 
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Theorem 6. 7/ f{M) and g{M) are analytically regular transforma- 
tions, a necessary and sufficient condition that f(M) shoiild evaluate every 
expression liza^^^ u{x) which g{M) evaluates, giving it the same value, is that 
all the zeros of g{z) in C, should be zeros of at least as high order of f{z). 

The proof of this theorem and that of the next theorem are omitted, 
being the same as those in the case of sequences in the paper already 
mentioned. 

Theorem 7. If f{M) and g{M) are analytically regular, a necessary 
and sufficient condition that they be equivalent is that f{z) and g{z) have in C 
the same zeros with the same orders. 

Corollary 1. A necessary and sufficient condition that the analytically 
regular transformation f{M) be reversible {equivalent to the identical trans- 
formation) is thatfiz) does not vanish in C. 

Corollary 2. The Holder and Cesdro transformations of like order are 
equivalent. 

From corollaries 1 and 3 of Theorem 1, the transformations H„, C„ 
correspond respectively to the functions 

2", 



(1 +2)(l+2z) ■■• (l + n-lz) 

Each of these functions is analytic in C, having no zero except 2 = 0, 
which is in both cases a zero of order n. Hence the two transformations 
are equivalent. 



